paper presents the mathematical analysis of a new variant of the discontinuous Galerkin method which is applicable to the numerical solution of diffusion problems, not requiring auxiliary variables such as those used in mixed methods. The focus of this study is on a class of linear second-order boundary value problems for which we prove stability and a priori error estimates in both the finite-and infinite-dimensional spaces.
INTRODUCTION
The aim of this work is to present the mathematical foundations of a new type of Discontinuous Galerkin Method (DGM) applicable to a broad class of partial differential equations. This paper addresses the treatment of second-order diffusion operators by finite element techniques in which the shape functions are discontinuous across interelement boundaries. The method supports hp-approximations on arbitrary meshes, including nonmatching grids. The main features of the method presented here are the following:
• the method does not need auxiliary variables such as those used in hybrid or mixed methods; • the method is robust and exhibits elementwise conservative approximations;
The support of this work by the Army Research Office under Grant DAAH04-96-0062 is gratefully acknowledged.
0898-1221/99/$ -see front matter © 1999 Elsevier Science Ltd. All rights reserved PII: 80898-1221(99)00117·0
Typeset by AJVtS-'fEX
• coupled with the classical discontinuous Galerkin formulation for transport dominated problems, this formulation is applicable to a wide range of problems, from convection dominated to diffusion dominated cases; • the associated bilinear form renders a positive definite and well-conditioned matrix, thus allowing the use of standard iterative methods for high p and for distorted elements; • the formulation is particularly convenient for time-dependent problems, because the global mass matrix is block diagonal, with uncoupled blocks; • a priori error estimates are derived so that the parameters affecting the rate of convergence and limitations of the method are established; • the method is suited for adaptive control of error, and can deliver high-order accuracy where the solution is smooth; and • the cost of solution and implementation is acceptable.
The development of discontinuous finite element methods for second-order elliptic problems dates back to the early 1970sj Nitsche [1] introduced the concept of replacing the boundary multipliers with the normal fluxes, and added stabilization terms to produce optimal convergence rates. A very similar approach is that of Percell and Wheeler [2] , Wheeler [3] , and Arnold [4] . A slightly different method was the p-formulation of Delves and Hall [5] , they developed the so-called Global Element Method (GEM); applications can be found in [6] . The GEM consists essentially in the classical hybrid formulation for a Poisson problem with the Lagrange multiplier eliminated in terms of the dependent variables; namely, the Lagrange multiplier is replaced by the average flux across interelement boundaries. A major disadvantage of the GEM is that the matrix associated with space discretizations of diffusion operators is indefinite, thus the method is unable to solve time dependent diffusion problems; and being indefinite, the linear systems associated with steady state diffusion problems needs special iterative schemes. The interior penalty formulations of Wheeler [3] and Arnold [4] utilize the bilinear form of the GEM augmented with a penalty term which includes the jumps of the solution across elements. Disadvantages of this approach include the dependence of stability and convergence rates on the penalty parameter, the loss of the conservation property at element level, and a bad conditioning of the matrices. The DG~for diffusion operators developed in this study is a modification of the GEM, which is free from the above deficiencies. More details on these formulations, and the relative merits of each one are presented in [7, 8] .
The underlying reason for developing a method based on discontinuous approximations for diffusion operators is to solve convection-diffusion problems. Solutions to convection-diffusion systems of equations using discontinuous Galerkin approximations have been obtained with mixed formulations, introducing auxiliary variables to cast the governing equations as a first-order system of equations. A disadvantage of this approach is that for a problem in IR d , for each variable subject to a second-order differential operator, d more variables and equations are introduced. This methodology was used by Dawson [9] , and Arbogast and Wheeler in [10] , also by Bassi and Rebay [11, 12] for the solution of the Navier-Stokes equations, Lomtev, Quillen and Karniadakis in [13] [14] [15] [16] and Warburton, Lomtev, Kirby and Karniadakis in [17] solved the Navier-Stokes equations discretizing the Euler fluxes with the DG method and using a mixed formulation for the viscous fluxes. A similar approach was followed by Cockburn and Shu in the development of the Local Discontinuous Galerkin method [18] , see also a short-course notes by Cockburn [19] .
The discontinuous Galerkin method analyzed in this paper supports h-, p-, and hp-version approximations and can produce sequences of approximate solutions that are exponentially convergent in standard norms. We explore the stability of the method for one-dimensional diffusion problems and we present a priori error estimates. Optimal order h-and p-convergence in the HI norm is observed in one-dimensional applications.
Following this Introduction, Section 2 introduces the model problem and the variational formulation in an infinite-dimensional setting, Section 3 presents the analysis for a finite-dimensional space of basis functions, Section 4 introduces an a priori error estimate, and finally Section 5 presents numerical experiments which confirm the theoretical results from previous sections.
INFINITE-DIMENSIONAL CASE
In this section, we focus on two-point diffusion problems in one-dimensional domains
The class of problems considered is first solved using infinite-dimensional spaces of basis functions, the objective is to identify a complete space of functions which will make possible an approximation to the exact solution within any tolerance, however small it might be.
Model Problem and Approximation
We consider a model second-order boundary value problem characterized as follows.
Let the domain D. c JR. be subject to a partition 'Ph consisting in N(Ph) elements D.e as shown in Figure 1 ,
Given data (Do C JR., S, j, g), find a function u such that
where f D and f N are the sets of points where Dirichlet and Newmann boundary conditions are imposed, i.e., fDnfN = 0, fDUfN = {Xl,XN+d. and fD =I-0. Thus, we consider Dirichlet problems (fN = 0) or mixed boundary conditions with u specified at Xl or XN+ll and~~at the opposite end, i.e.,
The set of interior points is fint = {X2"'" X N }; and n = {n} = {±1} is the unit outward vector to D. at the end points f D U f N, and at Xi E fint, it is arbitrarily chosen pointing to the element with lower index. Let V(Ph) be the space of discontinuous basis functions which we characterize in Section 2.2. The solution to problem (1) can be obtained as follows:
where du du
A norm associated with (3) can be defined as follows:
and hi is a boundary function used to homogenize the norm, defined as follows: The motivation for the preceding definition of hi will become clear during the proof of stability for the finite-dimensional case (Section 3.1). The space of functions
is the biggest functional space among all H5(Ph) on which 1I.llv remains finite.
For 'u, v E V(Ph), the bilinear form can be bounded as follows: 
O,EP" x;Erv Xierint (13) PROOF. The space X furnished with the norm 1I.lIx is complete. Given u E V(Ph), let us associate
Let {un} E V(Ph) be Cauchy under 1I.lIv. Then (14) implies that (un, <'in) is Cauchy in X, and
where C depends on Ph but is independent of u and n.
(15)
Given that X is complete, we can construct the sequence {U~} E H 2 (Oe) ,
is Cauchy under 1I·llv.
The Variational Formulation in the Space X
The variational formulation in the product space X is the following:
where and
2.3.1. Stability analysis in the space X Using (11)-(13), the bilinear form (17) can be bounded as follows:
To prove stability, we present the following theorem. 
and picking
..
where h is that defined in (7 
X,ErD xiErint and also the following conditions: 
Let v· = u+w, where wE P3(ne), 'v'ne E Ph(n) is uniquely defined by the following boundary values:
Xi EanenrD, 
Substituting the above definitions and identities in the bilinear form, and using the definition hi = he/2 at Xi E aDe n rD, we obtain Next, we observe that where the value of Iwll is estimated using the following eigenvalue problem.
Find >'0 such that
where the subindex e denotes a generic element in the partition. Note that (31) is in nondimensional form, therefore >'0 is independent of he = Xe+1 -Xe, Le., it is a constant 'v'ne E Ph(D).
Using the values of w on the boundary of each element as specified in (29) and (30) 
From the definition of w, which is based on four boundary conditions for each element, and using the estimate (32), we bound Ilwll v as follows: 
Numerical Evaluation of the Inf-Sup Condition
This section presents the results of several numerical experiments designed to evaluate the inf-sup condition for the model problem analyzed in the preceding sections. First, the inf-sup condition is evaluated as described in [7] , for different number of elements N(Ph) and for uniform Pe = p, 1 :::;e :::;N(Ph)' Note that from the inf-sup condition standpoint, the cases in which some elements in the partition have 2 <= Pe < P is just a particular case of Pe = p, 1 :::;e :::;N(Ph).
Results are collected in Table 1 . It is clear that for this class of model problems the inf-sup constant is asymptotically independent of hand p. Table 2 shows the effect of a random distribution of nodal points, where the worst aspect rat.io between adjacent elements is 1/4, and Table 3 shows the effect of a geometric distribution of mesh points such that hmin/hmax = 10-
.
The asymptotic values obtained are higher than the analytic value because the latter is only a lower bound of the exact inf-sup constant.
A PRIORI

ERROR ESTIMATION (34)
The approximation properties of Vp('Ph) will be estimated using standard local approximation estimates (see [22] lIull~~C L (luli.l1e + h-lllull~/2+e,l1e + hllull~/2+e,l1e) ,
and using the approximation estimate presented in (34), there exists a local polynomial approx-
Finally, using the continuity and inf-sup parameters, and assuming that the exact solution u E HS(Ph), we arrive at the following a priori error estimate:
where s > 3/2, µe = min (Pe + 1, s), and C depends on s but is independent of u, he, and Pe.
• REMARK 4.1. The error estimate (35) is a bound for the worst possible case, including all possible data. For a wide range of data, however, the error estimate (35) may be pessimistic, and the actual rate of convergence can be larger than that suggested by the above bound.
•
NUMERICAL EXPERIMENTS
We first analyze test cases of the following type:
at x = 0 and x = 1.
(37) 1e-05 -. -.-.-.-.-.-.--.-.-.-.-.-.-.---.-.-.-. p=2  p=3  p=4  p=5  p=6  p=7  p=8 -. -.-.-.-.-,-,_. -.-.-.-.-.-.-.-.-.-.-.-.-. _.-.-._. -.-,-.-.-.- First, we consider problem (37) with S:= (471')2sin(47Tx), for which the exact solution is Uexact (x) := sin(471'x). Figure 2 shows error in the norm 11.\lv and h convergence rate for uniform meshes. Figure 3 shows error and h convergence rate for nonuniform meshes obtained by successive refinements of an initial grid with a subsequent random displacement of value ±O.20h to each interior node. These figures show an asymptotic convergence rate of order O(h P ) in agreement with Theorem 4.1. Note: the h convergence rate is given by The next test cases measure the error in the L2-norm. Problem (37) is solved with S := (271')2 sin(271'x)on uniform meshes, Figure 4 shows error in the L2-norm and h convergence rate. The following test case deals with hand p convergence rates in the H1 seminorm. This test case is the solution to problem (37) with S := (37T)2 sin(371'x), for which the exact solution is Uexact(x) = 1+ sin(37Tx).
We define the p-convergence rate (CRp) as log(epl ep+I)
... We conclude that the convergence rates are optimal in all the norms considered except in the L 2 -norm, in which a loss of accuracy is observed for even powers of Pe.
SUMMARY
This paper presented the mathematical analysis of a new discontinuous Galerkin method for the approximation of diffusion terms in the context of convection-diffusion problems. Utilizing the method analyzed in this paper, we extend the class of problems that can be solved by discontinuous Galerkin techniques to problems involving dissipative or diffusive terms, such as those appearing in the Navier-Stokes equations.
The stability study for diffusion problems shows that the method is very robust, optimal h and p convergence rates are obtained, and high-order accuracy is obtained when the regularity of the solution is high enough.
Even though this study was carried out in a one-dimensional setting, the mathematical analysis demonstrated the distinguishing characteristics of the formulation.
